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Transmission Characteristics of Long-Period Fiber
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E. Anemogiannis, Senior Member, IEEE, E. N. Glytsis, Senior Member, IEEE, Fellow, OSA, and
T. K. Gaylord, Fellow, IEEE, Fellow, OSA
Abstract—A numerical method is presented for determining the
transmittance of long-period (LP) fiber-gratings having arbitrary
azimuthal/radial refractive index variations. The method uses cou-
pled-mode theory and includes both the sine and cosine character
of the LP modes. The model treats interactions between the fun-
damental  mode and high-azimuthal-order cladding modes.
The method utilizes the transfer matrix method to model cylin-
drical layers both in the core and the cladding regions.
I. INTRODUCTION
TODAY, long-period fiber gratings (LPFG) with theirguided-to-cladding mode power exchange (see [1]) play
an important role in the optical communication field [2]. The
majority of LPFGs are fabricated using ultraviolet (UV) irra-
diation through amplitude masks generating fringe patterns on
the fibers. Both UV (laser wavelength approximately 240 nm)
and “near-UV” (laser wavelength approximately at 330 nm as
describer in [3]) exposure techniques produce gratings having
refractive index perturbation confined within the germanium-
doped core of a fiber. A general numerical method for the
transmittance calculation of UV-written gratings was described
in [4]. The method was based on the coupled mode theory (CMT)
of hybrid modes (without azimuthal field variation) in
step-index optical-fibers. Analytical formulas were provided
for the hybrid-mode electric/magnetic field expressions in the
core and the cladding regions of a three-layer fiber. Lately,
there is a large number of publications focusing on LPFGs
made via alternative fabrication methods. LPFG were fabri-
cated by CO laser illumination [5], by ion implantation [6],
by electric-arc discharge [7], by fiber-clad etching [8], and by
mechanical deformation [9]. These gratings show stable thermal
and mechanical transmittance properties, their fabrication can
be less expensive than the UV-written gratings, and they can
be developed in optical fibers having a wide range of fiber-core
compositions and fiber-index profiles. Moreover, there is evi-
dence that the refractive index profile of the gratings produced
by CO laser illumination, mechanical deformation, and ion
implantation are not uniform in cross section. Experiments [10]
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have produced mode coupling between the fundamental guided
mode and higher order cladding modes ( with and
, with ). This power exchange proves that
the refractive index perturbation in those LPFGs has azimuthal
dependence and extends beyond the core region.
High-order LP modes have a two-folded degeneracy due to the
sine and cosine dependence of the fields. While two recent pub-
lications (see [11], [12]) focus on the effects of the double char-
acter of higher order modes on tilted UV-written LPFG, we are
unaware of any numerical method capable of modeling general-
ized gratings, i.e., gratings possessing both arbitrary azimuthal
and arbitrary radial index perturbations. In this work we present
a numerical method which can simulate nontilted fiber gratings
having an azimuthally and/or radially varying refractive index
perturbation which may extend to the fiber cladding-air interface.
The host fiber can also have an arbitrary refractive index profile.
The method takes into consideration the sine and cosine char-
acter of the LP modes and can simulate power coupling between
to any mode with . We also present examples of
LPFG having a sector-like index profile and show that these grat-
ings are capable of producing strong resonances and of coupling
power to higher order LP modes. Even though the examples pre-
sented here relate to LPFG, the same methodology can be used
to describe fiber Bragg gratings.
II. FORMULATION
A. Cladding LP Modes
In this section, the LP modes of a cylindrical dielectric
waveguide having an arbitrary refractive index profile are de-
scribed. Even though, the refractive index difference between the
cladding and the ambient air is not negligible, the LP approxima-
tion is nevertheless valid for low-order modes having arbitrary
azimuthal number . According to the LP mode formulation (see
[13] and [14]), an mode of order and within a cylindrical
dielectric layer having radius and refractive
index (see Fig. 1), has transverse electric field components
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Fig. 1. Multilayer cylindrical fiber waveguide.
where , is the operating freespace wavelength,
is the longitudinal propagation constant of the mode,
is the magnitude of the transverse
wavenumber, is the azimuthal angle, and and
are arbitrary field expansion coefficients determined by the
boundary conditions within the cylindrical layer .
and are the ordinary Bessel functions of the first and
second kind of order , while and are the
modified Bessel functions of the first and second kind of order
, with generally being a nonnegative integer number. The
transfer matrix method [15] is applied to find the propagation
constant of LP modes for optical fibers having arbitrary refrac-
tive index profile. The transfer matrix formulas are given in
Appendix A in a more compact form than the form given in [15],
for faster calculations. Having found the propagation constant
, the coefficients and in each layer, are normalized
such that every mode carries power
(2)
B. Fiber Grating Refractive Index Variation
Any periodic refractive index perturbation ,
inside the fiber can cause power transfer from the fun-
damental mode to one or more cladding modes.
The generalized is the summation of a dc
and an ac refractive-index variation, i.e.,
, multiplied
by an optional apodization function for reducing the
spectral ripples of the grating frequency response. Conven-
tional sinusoidal LPFGs do not have azimuthal refractive-index
variations and therefore their index modulation is typically
expressed as ,
where is the grating period, is the modulation strength,
is the induced change in the average index.
Fig. 2. Longitudinal refractive index variation  due to an exposure
function of width  .
Fig. 3. Azimuthal index variation discretized into ring-sectors.
The refractive index variation in a generalized grating can
be described as the product of three functions
. The function is a longitudinal periodic
function of period . depends on the manner in which
the fiber grating was exposed and processed. For the case that
a LPFG is formed by periodic local heating from a CO laser
with beam-waist width the exposure function can be approx-
imated by a periodic rectangular wave (see Fig. 2) of width
and period . The longitudinal modulation function rep-
resents the longitudinal refractive index perturbation and can be
approximated as . For the present
work, the and coefficients are chosen to correspond to the
first two Fourier series coefficients of the exposure function, i.e.,
(3)
For the class of gratings having an variation as shown in
Fig. 2, the transverse refractive index perturbation will
not be uniform along a cross section of the fiber. It is expected
that the refractive index perturbation is higher on the side where
the laser impinges on the fiber. The generalized transverse
perturbation can be approximated by ring-sectors (see Fig. 3)
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having a constant index variation. For the th cylindrical ring







where for are the refractive-index modulation
values around the ring for various angles . Equation (4) can
be used to discretize an arbitrary index perturbation on a plane
transverse to the fiber.
C. Coupled-Mode Theory Formulation
The interaction among the LP modes in the fiber may be mod-
eled via coupled-mode theory (CMT). According to the CMT
the interaction (coupling) between optical modes is proportional
to their coupling coefficient . Assuming that each forward
propagating mode has a complex amplitude and by ne-
glecting any backward propagating waves, the generalized cou-
pled-mode equations governing the interaction of copropa-
gating modes are [4], [16]
for (5)
For LP mode analysis, the longitudinal coupling coefficient
between the and the mode is zero.
Therefore, for the remaining of this paper we will refer to the
transverse coupling coefficient simply as . In
cylindrical coordinates, is given as
(6)
where is the transverse field of an LP mode [see
(1)] and is the permittivity variation.
can be related to the refractive index variation
by where is the
unperturbed refractive index of the fiber and is the freespace
permittivity. Therefore, by using (3) the coupling coefficient
between the and the modes takes the form
(7)
Traditional UV-exposed LPFGs having uniform index pertur-
bations within the fiber core produce -to- mode in-
teractions. Since these modes do not have any angular depen-
dence, the azimuthal integral is equal to 2 . For the case of
a generalized LPFG, the azimuthal variation of the perturbed
index profile, , necessitates a more thorough investi-
gation of the azimuthal character of the fiber modes. Since there
is power transfer between and modes with arbi-
trary nonnegative numbers, each mode with is
treated as two independent modes, one with
and one with . Therefore, by using (1) and (4)
the coupling coefficient is shown in (8) at the bottom
of the page with . The superscripts or corre-
spond to the azimuthal cosine or sine character of the and
modes. The modes do not have any azimuthal de-
pendence and their coupling coefficients therefore are not su-
perscripted. However, coupling coefficients between and
( ) modes have azimuthal dependence and are de-
noted as . The discretization of a refractive index pertur-
bation into sector-rings by (8) is computationally efficient be-
cause it allows the determination of azimuthal coupling coeffi-
cients between modes without using double integration. The ra-
dial field integration is done once per ring while the azimuthal
integrations can be calculated analytically.
Substituting (7) into (5) and neglecting rapidly oscillating
terms (synchronous approximation) we form the coupled-dif-
ferential-equation (DE) system with dimension
where is the number of modes included;
see (9) at the bottom of the page with initial conditions
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the exponent argument, the sign of the grating wavevector must
be chosen to facilitate coupling between the forward and
modes, i.e., if , the “ ” sign is selected and
when , the “ ” sign is selected. In Appendix B, we
provide the detailed matrix representation of the DE system (9).
The number of cladding modes supported by an optical fiber
is very large and in order to represent them with a differential
equation system of finite dimensions, the cladding modes that
interact with the fundamental mode within the wavelength
range of interest are considered. Generally, only the modes with
low azimuthal number , have substantial radial field
power within the fiber core in order to couple to the mode.
One way of selecting the cladding modes of interest is to plot the
classic first-order Bragg condition for the and the
modes [ ] as a function of the wave-
length and choose the modes satisfying this condition for the
given grating period within the wavelength range of interest.
A related method is to use the modified first-order Bragg con-
dition given in [17] where the propagation constants
of modes are perturbed by the self-coupling coefficients
giving rise to
(10)
In the example cases below, the accuracy of the modified Bragg
condition (10) will be demonstrated.
D. Numerical Considerations for the CMT Equations
The numerical simulation of an LPFG having azimuthal re-
fractive index variation can be divided into four steps. First,
the propagation constants of modes are found for a wide
range of and over a wavelength grid. Second, the coefficients
are generated. The fact that can
also be used. Third, plots of (10) as well as plots of the cou-
pling coefficient strength as a function of the wavelength are
generated in order to choose which modes should be included in
the analysis for a grating having a specific period and index
profile . The fourth step is to solve the symmetric
DE system (9) for a range of wavelengths. Values of
between the initial wavelength grid-points are linearly interpo-
lated. The DE system matrix is full for the case that all cladding-
cladding mode interactions are included or sparse when only the
self-coupling coefficient terms , the cross-coupling coef-
ficients , and the cross-coupling coefficients between sine
and cosine modes having the same propagation constant are re-
tained (see also Appendix B). It is advisable to use the full ma-
trix solution, since the difference between the two formulations
could produce spectral differences especially for gratings with
strong refractive index modulation in the cladding. On the other
hand, the solution of the sparse system is one order of magni-
tude faster than the solution of the full matrix system. More-
over, since the mode satisfying the classic Bragg condition at a
given wavelength will have a sharper and a much higher ampli-
tude-strength than the other modes, the DE system is stiff and
special DE routines must be used [18]. In the aforementioned
grating-analysis algorithm the second step is the most compu-
tationally intensive. Since a refractive index profile having az-
imuthal variation can couple power from the mode to any
cladding mode, it will be advantageous to reduce the number
of modes to the set that truly interacts with the mode
and to calculate the corresponding . After the first step,
the LP modes of interest are chosen by using the fact that, in
general, 10 m and by selecting modes
which satisfy the classic Bragg condition to within a
10 m . The execution time can be
further reduced by one order of magnitude by neglecting
modes having 10 m because of their insignif-
icant contribution to the transmittance.
III. APPLICATION TO EXAMPLE LPFG INDEX PROFILES
In this section the CMT is applied to calculate the LPFG
transmittance. The accuracy of the LP-mode formulation is
validated by comparison to the more rigorous hybrid-mode
approach. In addition, example cases of the application of
the azimuthal CMT to LPFG having sector profiles are pro-
vided. LPFGs having a two sector ( ) refractive-index
variation have coupling coefficients of the form; see (11) at
the bottom of the page with . The example grating
structures have the same parameters as the sinusoidal grating
analyzed in [4] but with modified transverse and longitudinal
refractive-index variation profiles. The grating is nonapodized
[ ]; its period is m, and its length is
mm. The grating has index modulation parameters
10 for and
zero otherwise. The fiber parameters are ,
,
m, and m. Following the
methodology described in Section II-C for this particular fiber
grating, the modes which satisfy the classic Bragg condition
within the 10 m range are for ;
for ; for ; for
; for ; for ;
for ; for ; for
; for ; for ;
(11)
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Fig. 4. Transmittance of the sinusoidal LPFG with no azimuthal variation.
; ; , and , i.e., a total of
LP modes, 38 of which have both sine and cosine azimuthal
dependencies ( ). The range of wavelengths of interest
is m m. Therefore, for our example cases
the full DE system is solved with dimension 82 82 since
.
A. Sinusoidal LPFG With Core Only Index Variation
In this example, the grating has a sinusoidal longitudinal vari-
ation ( ) with a sector-type refractive-index varia-





Equation (11) was used to calculate the transverse coupling coef-
ficients on a grid of 500 discrete wavelengths over the
range of m m. The grating transmittance for
calculated at 2001 wavelengths is shown
in Fig. 4. A comparison between [4, Figs. 4 and 10(b)] shows that
the transmittance resonances occur at the same wavelengths and
that they have nearly the same magnitudes. The small magnitude
differences may be attributed to the numerical integrations uti-
lized for the calculations and the different exit criteria used
for the DE system solver. Moreover, the use of a larger number of
modes results in deeper Bragg transmission-resonances because
mode power is coupled to a larger number of LP modes.
The two transmittances calculated by the current LP and the hy-
brid mode formulation [4] look very similar. This similarity is ex-
pected since for fibers with small the propagating modes sat-
isfy the weakly guiding condition and the hybrid modes having
much of their power within or near the core possess insignifi-
cant longitudinal fields, i.e., they can be accurately approximated
by LP modes. For LPFG having refractive index perturbation
only within the core region, the LP mode approach is simpler
and as accurate as the hybrid-mode formulation. It is interesting
to compare the wavelengths where the modified Bragg condi-
tion is satisfied for the individual LP modes to the wavelengths
where the transmittance resonances occur. Table I, shows that the
modified Bragg condition is much more accurate than the tradi-
tional Bragg condition. Finally, simulation results are provided
(see Fig. 5) for the same grating but with sector profiles of angles
, , and . As
expected, the grating responses “converge” to the transmittance
given in Fig. 4. All computer execution times were well under
one minute for the generation of the coupling coefficients and
for the solution of the full DE system on a Pentium 4 PC.
B. Generalized LPFG With Core and Cladding Index Variation
In this second example, the LPFG grating has the same optical
parameters as the sinusoidal transmission grating examined in




extending from the fiber center to the air-cladding interface.
Without any loss in generality, it is assumed that the grating
was written by a laser beam having width and
[see (3)] to maximize the index modulation and the trans-
mittance resonances. The transmittances of this LPFG for nine
sector angles, three with , three with
, and three with are shown in Fig. 6.
As expected, the transmittances with the same coincide to
each other. The transmittance spectra were calculated for 1001
wavelengths while the coupling coefficients were calculated for
100 wavelengths. The spectrum is dominated by resonances due
to and modes, and in contrast to the previous sinu-
soidal grating transmittance, resonances are absent.
modes have radial fields that resemble the Bessel func-
tion of the first kind. Since the radial field of the mode pen-
etrates the fiber cladding area, the cross-coupling coefficients
between the and the modes are the sum of a
positive contribution due to the radial-field overlap within the
core and a negative contribution due to the radial-field overlap
in the cladding-region just outside the fiber core. The net ef-
fect of these two contributions is reduced coupling co-
efficients compared to coupling coefficients found in the pre-
vious sinusoidal grating case having index variation confined
into the core. The spectrum also lacks resonances due to
modes having azimuthal number . The reason for this
is that higher order modes have much smaller field amplitudes
within the fiber-core in comparison to the lower-order modes.
This produces a very small cross-coupling coefficient for
the mode. The lack of high-order resonances justifies the
use of LP-mode instead of more complicated hybrid-mode for-
mulations for the analysis of those fiber gratings.
Tables II–IV provide more information on the transmittance
spectra. In each table, the first column provides the resonance
wavelength of the mode for the three sector profiles having
the same value. As expected, the LPFG transmittance
is independent of the sector-angle limits for a given . This is
due to fact that LP modes having both sine and cosine azimuthal
dependencies are used. Table columns also give the “most
coupled” LP modes which have maximum transmittances at
the resonance wavelengths, as well as the wavelengths
where the classic and the modified Bragg condition (10) for
the “most coupled” modes equal zero. Contrary to the previous
sinusoidal LPFG example case, both Bragg conditions produce
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TABLE I
RESONANCE WAVELENGTHS OF THE SINUSOIDAL LPFG WITH    , OBTAINED FROM THE TRANSMITTANCE SPECTRUM [SOLUTION OF (9)], AND
CALCULATED FROM THE MODIFIED BRAGG CONDITION (10) AND THE TRADITIONAL BRAGG CONDITION (10) WITH   . THE PERCENTAGE ERRORS OF
BOTH BRAGG CONDITIONS RELATIVE TO THE TRANSMITTANCE RESONANCE WAVELENGTHS ARE ALSO GIVEN
Fig. 5.  transmittances of a sinusoidal LPFG having sector profiles of
angle    ,    , and   	
 .
Fig. 6. Transmittances of a generalized LPFG having sector profiles of  
 ,    , and   	
 . The refractive index variation for the core
and the cladding region is         10
and zero otherwise.
similar results since the products and for the
generalized grating are an order of magnitude smaller than
the sinusoidal grating example. The “most coupled” mode
set depends on the sector profile angle limits as well as the
geometry of the total transverse field of the LP modes. For
example, in Table II for , the “most coupled” modes
for the sector profiles of and
are identical. The reason is that all modes have a total
transverse-field periodicity of 2 and the azimuthal integrals
are equal since when
and ( ). Therefore, the cross
coupling coefficients and are equal. In addition,
for and ( ) the cosine integration
becomes and there are no resonances due
to modes since . For more arbitrary sector
limits where both cosine and sine
integrations are not equal or zero, the observed resonances are
due to the modes having the largest cross-coupling coefficient
[see Fig. 7(a) and (b)], i.e., and . A
double resonance is observed because the modified Bragg
condition for the particular grating period has two solutions
within the range m m. In Table II, it is seen
that when two LP modes contribute to the same resonance,
the modified Bragg wavelength deviates significantly from the
(transmittance) resonance wavelength. This is due to the
fact that the modified Bragg condition was derived under the
assumption of two modes (incident and diffracted) interacting at
the Bragg wavelength. This also can be seen from the fact that
the modified Bragg wavelength is very close to the resonance
wavelength when only one mode interacts with the .
Table III describes the observed resonances for
and has many features in common with to Table II. For sector
angles and ( ), the integrals
have equal values and
all and are equal. Moreover, for the same integration
limits, as for the case of .
The resonance wavelengths are not equal since
is a linear function of the sector profile azimuthal width and
for is three times larger than the for
. For arbitrary sector limits ,
the observed resonances are due to the modes having the largest
cross-coupling coefficient (see for example Fig. 7(a) and (b)),
i.e., and .
In Table IV, the case of the sector angle is de-
scribed.Thereareno moderesonancesbecause
since for any it holds that
and . In addition, for the
resonances are due to modes and for
the resonances are due to modes. This is justified because
for then and for
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TABLE II
WAVELENGTHS WHERE THE LPFG TRANSMITTANCE HAS RESONANCES AND WAVELENGTHS WHERE THE MODIFIED AND THE CLASSIC BRAGG CONDITIONS ARE
ZERO FOR THE SECTOR GRATING WITH    .  CORRESPONDS TO A LP MODE HAVING 	 AZIMUTHAL DEPENDENCE. 
CORRESPONDS TO A LP MODE HAVING 
	 AZIMUTHAL DEPENDENCE
TABLE III
WAVELENGTHS WHERE THE LPFG TRANSMITTANCE HAS RESONANCES AND WAVELENGTHS WHERE THE MODIFIED AND THE CLASSIC BRAGG CONDITIONS ARE
ZERO FOR THE SECTOR GRATING WITH    .  CORRESPONDS TO A LP MODE HAVING 	 AZIMUTHAL DEPENDENCE. 
CORRESPONDS TO A LP MODE HAVING 
	 AZIMUTHAL DEPENDENCE
TABLE IV
WAVELENGTHS WHERE THE LPFG TRANSMITTANCE HAS RESONANCES AND WAVELENGTHS WHERE THE MODIFIED AND THE CLASSIC BRAGG CONDITIONS ARE
ZERO FOR THE SECTOR GRATING WITH    .  CORRESPONDS TO A LP MODE HAVING 	 AZIMUTHAL DEPENDENCE. 
CORRESPONDS TO A LP MODE HAVING 
	 AZIMUTHAL DEPENDENCE
then . For arbitrary
sector limits , as shown
in Fig. 7(a).
All the modified Bragg condition zeros provide very good
approximations to the resonance wavelengths since there
are only a pair of modes interacting at Bragg regime. For the
cases presented, the difference, between the transmittances pro-
duced with and without the cladding-cladding mode interaction
are less than 0.05 dB. The larger errors occur at the sharper res-
onances since the mode power is coupled to many other
cladding modes besides the mode(s) satisfying the Bragg con-
dition. Therefore, the clading-clading mode interactions are not
important for the LPFG under investigation. However, clading-
clading mode interactions could be important in other LPFGs
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Fig. 7. Plots of cross-coupling coefficients  and  .
where a Bragg condition between two cladding modes could co-
incide with the Bragg condition between the fundamental
mode and one of the cladding modes. Execution times for the
generation of the coupling coefficients for all 82 modes over the
101 wavelengths was under 5 min using a relative error of 10
for the integration routines on a Pentium 4 PC. For the solution
of the full and the sparse DE systems with an exit criterion of
10 the execution time was approximately 13 min and 2 min,
respectively, for all 1001 wavelengths.
IV. CONCLUSION
A versatile numerical method has been presented which in-
cludes the dual cosine and sine nature of the angular dependence
of the LP modes. The method allows, for the first time, the simu-
lation of LPFG structures having arbitrary azimuthal and radial
refractive-index perturbations. The use of the transfer-matrix
method for the generation of the LP mode radial fields, allows
the discretization of generalized refractive index variations. In
addition, it was shown that the LP mode formulation gives the
same results as the more rigorous hybrid-mode approach. It was
also demonstrated that the modified Bragg condition can suc-
cessfully be used to select the modes that are important for the
analysis of fiber gratings. Finally, this numerical method was
applied to LPFGs having azimuthal angular index perturbations
of sector shape. All of the resulting resonance features in the
transmittance spectra are directly explainable in terms of the
coupling between LP modes. For the particular profiles exam-
ined the resonances due to modes were shown to exist.
The numerical method can also be used for simulation of fiber
Bragg gratings having an arbitrary refractive index variation by
modifying the CMT equations.
APPENDIX A
TRANSFER MATRIX FORMULATION
FOR MULTILAYER OPTICAL FIBERS
In this Appendix, the transcendental equation for the propa-
gation constant of a multilayer cylindrical waveguide (see
Fig. 1) based on the transfer matrix formulation and the LP mode
approximation is provided. For the mode of azimuthal




where and and are arbitrary field
expansion coefficients in layer . and are
the Bessel functions of the first and second kind of order while
and are the modified Bessel functions of
order . By applying the continuity condition of the tangen-
tial fields the and the quantities must be continuous
along the interface of two consecutive cylindrical-layers. At ra-
dius and at the interface between layers and it is




where and denote derivatives with respect to .
Solving (A2) and (A3) for and we derive the matrix equa-
tion for a single homogeneous cylindrical layer
(A4)















































Application of (A5) along the radius of an optical fiber having
layers generates the global matrix
(A6)
which relates fields in the inner fiber layer (core) to the
ambient layer (air) . For finite fields in the core and
in the air around the fiber the coefficients and must
be zero. Equation (A6) then produces
(A7)
which has as roots the propagation constants, ’s, of the op-
tical fiber for the particular azimuthal number . Equation (A6)
can be solved via one of the several different techniques de-
scribed in [19].
APPENDIX B
SYSTEMS OF COUPLED-MODE EQUATIONS
In this Appendix, the matrix forms of (9) are shown in detail.
The LP modes of azimuthal order higher than zero are consid-
ered twice, once with cos and once with sin dependence. Equa-
tion (B1), shown at the top of the page, provides the full-ma-
trix form, i.e., when all the cladding-cladding mode interactions
are taken into consideration. Equation (B2), shown at the top of
the page, provides the sparse form of the DE system, i.e., when
the interactions between the differing cladding modes are ne-
glected. All LP mode amplitude coefficients and their deriva-
tives, and , are complex quantities and the DE




The terms correspond to self-coupling coefficients, the
terms correspond to cross-coupling coefficients between the co-
sine and sine forms of the same LP mode, while the
terms correspond the cross-coupling coefficients between dif-
ferent LP modes.
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